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Annotation 

This article explores Euler integrals, specifically the gamma and beta functions, and their 

significance in mathematical analysis, with applications in differential equations, probability 

theory, and statistics. The gamma function, defined as a continuous extension of the factorial, 

is analyzed for its key properties, including continuity, infinite differentiability, and the 

functional relation Γ(z+1)=zΓ(z). Singular points (t=0 and t=∞) and the uniform convergence 

of the integral are examined using the Weierstrass criterion. Applications of the gamma 

function in probability distributions, quantum mechanics, and statistical physics are 

highlighted through examples. The article also includes a practical integral calculation and is 

supported by references to mathematical literature. 

Keywords: Gamma function, Euler integrals, beta function, probability theory, statistics, 

differential equations. 

 

Euler Integrals. 

Euler integrals are among the fundamental mathematical tools that include gamma and 

beta functions. Both functions represent continuous functions and special processes, and are 

widely applied in the fields of differential equations, probability theory, and statistics. 

Gamma Function 

The gamma function is particularly widely used in probability distributions, such as the 

gamma distribution. This function is a continuous equivalent of the factorial and is employed 

in numerous statistical models. For instance, in the process of multidimensional statistical 

modeling, distributions and integral calculations are generated using the gamma function. In 

physics, the gamma function also serves as an essential tool for models in quantum mechanics 

and statistical physics. The gamma function is a function that generalizes factorials and is 

defined as follows: 

Г(z) = ∫ tz−1e−tdt
+∞

0
,  Re(z)>0.          (1) 

The points t=0 and t=∞ are called singular points. Let's express the integral (1) as the 

sum of two integrals: 

Г(z) = ∫ tz−1e−tdt
1

0
 + ∫ tz−1e−tdt

+∞

1
 

These two integrals are uniformly convergent in any finite interval with respect to the 

parameter according to the Weierstrass criterion. Indeed, if: 

                             Properties of the gamma function. 
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. (1) The gamma function is continuous for all values of the argument and has 

continuous derivatives of all orders. By differentiating the integral (1) under the integral sign, 

Г′ = ∫ tz−1 ln t e−tdt
+∞

1
 ni hosil qilamiz.  

∫ tz−1 ln t e−tdt
1

0
 va ∫ tz−1 ln t e−tdt

+∞

1
Since the integrals are uniformly convergent over 

an arbitrary interval, it is possible to apply Leibniz's rule: 

For the first case, when t=0, the majorant function is [missing information], while for the 

second case, when [missing information], the majorant function is [missing information]. 

Based on induction, it can be shown that Г (z) is an infinitely differentiable function for z>0. 

Г(n)(z) = ∫ tz−1(ln t)e−tdt
+∞

1
    (2) 

20. Now let us derive the basic functional relation for the Gamma function. Let . As a 

result of integration by parts, the following 

Г(z + 1) =  ∫ tze−tdt =  −ettz
⃒  

+∞

1

 

Г(z+1) = z Г(z)    (3) 

ni hosil qilamiz. (18) formula pasaytirish formulasi deyiladi. Bu formuladan xususiy 

holda natural lar uchun 

Г(n + 1) = n!  

We take the formula. From formula (3), it is possible to determine the behavior of the 

function Γ (z) with respect to z: since Γ (z+1) is a continuous function and because it is 

Г(z) =  
Г(z + 1)

z
~

Г(1)

z
. 

Formula (3) allows for the extension of the Г (z) function, while preserving its 

properties, even for negative values of z that are not equal to -1, -2, -3, ..., -n, ...  

Г(z) =  
Г(z+1)

z
     (4)  

will be. Since -1<z<0, the definition (4) is correct. Let's consider the character of the 

function at y=z+1. Taking y=z+1, we obtain an equivalent function to y=z+1. Therefore, 

instead of (4) in 

Г(y − 1) =  
Г(y)

y − 1
~ − Г(y)~ −

1

y
=  −

1

z + 1
; 

Let's consider this. Therefore, z → −1 + 0 da Г(z)~ −
1

z+1
, mainly z → −n da Г(z)~ −

(−1)n

z+n
  it can be determined..[1-15] 

Example, ∫ x2ne−x2
dx,

+∞

0
 ³   n ∈ N, calculate the integral. 

 

Solution: x ⟶ √t, (t>0)saying that, 

∫ x2ne−x2
dx =  

1

2
∫ tn−

1
2e−t dt =

1

2

+∞

0

+∞

0

Г(n + 2) =
(2n + 1)!

2n+1
π; 

we produce.. 

 References 

  

References: 



IB
M

S
C

R
 |

 V
o

lu
m

e
 2

, I
ss

u
e

 8
, A

u
g

u
st

 

IB
A

S
T

 |
 V

o
lu

m
e

 5
, I

ss
u

e
 0

5
, M

a
y

 

 

607 

INTERNATIONAL BULLETIN OF APPLIED SCIENCE 

AND TECHNOLOGY

ECHNOLOGY 

 

IF = 9.2  ISSN: 2750-3402 

IBAST 

1.A.U.Abduhamidov, H.A.Nasimov, U.M.Nosirov, J.H.Husanov ‘‘Algebra va matematik 

analiz asoslari ’’ 1-2 qism. ‘‘ O’quvchi ’’.T.2008.  

2.Nassiet S , Torte D , Rivoallan L , Matematik Analiz. Didier, Paris, 1995. 3. Alimov Sh.A va b. 

Algebra va analiz asoslari, 10-11. ‘‘ O’qituvchi’’, 1996 . 4. http://www.ziyonet.uz 

3.В.В.Вавилов, Н.И.Мельников, С.Н.Олехник, ПасиченкоП.Н. Задачи п о математике . 

Алгебра. Справочной пособие. Москва.Наука.1987г. 

4.С.Н.Олехник и др. Уравнения и неравенства.Нестандартные методы решения. Учебно -

метод. пособие. Москва. 2001.  

5.Mirzaahmedov M. va boshqalar. Matematikadan olimpiada masalalari. Toshkent. О‘qituvchi. 

1997. 

6.Abdurashidov Nuriddin, Tog’ayev Turdimurod, Rustamov Bilol, Eshtemirov Eshtemir 

“Equation of the Result of Second-Order Surfaces” EXCELLENCIA: INTERNATIONAL MULTI-

DISCIPLINARY JOURNAL OF EDUCATION https://multijournals.org/index.php/excellencia-

imje 

7.Abdurashidov Nuriddin G„iyoziddin o„g„li ,Tog„ayev Turdimurod Xurram o„g„li,Rustamov 

Bilol Muxbiddinovich. “Laplas tenglamasining fundamental yechimi” . “So‟ngi ilmiy 

tadqiqotlar nazariyasi” Ilmiy-uslubiy jurnali. 13-iyun 2024- yil 7-jild 6-son (33-37). 

8.Abdurashidov Nuriddin , Togʻayev Turdimurod, Eshtemirov Eshtemir, Toshtemirova 

Sarvara. Laplas teoremasi yordamida 5-tartibli determinantni hisoblash. “O‟ZBEKISTONDA 

FANLARARO INNOVATSIYALAR VA ILMIY TADQIQOTLAR” 20-dekabr 2024-yil 35-son (343-

347) 

9.Салоҳиддинов М. Математик физика тенгламалари. Тошкент-«Ўзбекистон» 

нашриёти-2002й.-448 б. 2. Салахитдинов МС, Мирсабуров. Нелокальние задачи для 

уравнений смешанного типа с …  

https://scholar.google.com/citations?view_op=view_citation&hl=en&user=7ZmvhwsAAAAJ&

citation_for_view=7ZmvhwsAAAAJ:9yKSN-GCB0IC 

10.B.M.Rustamov. J.U.To`raxonov. Kasodlik ehtimolligining aniq hisobiga doir misol. 

Образование наука и инновационные идеи в мире 35(2) 172-175 

11.Rustamov Bilol, Baltabayeva Saida, Choriyeva Munira,Normo„minova Charos ‟‟ Diskret 

tasodifiy miqdorning sonli xarakteristikalari”.”O‘zbekistonda fanlararo innovatsiyalar va ilmiy 

tadqiqotlar ” 20-fevral 2025- yil 37-son (292-297).  

12.B.M.Rustamov, N.G‘.Abdurashidov, Sh.Ashirov, A.Saitniyozov. “” International Journal of 

Education, Social Science & Humanities. Finland Academic Research Science Publishers 369-

372-bet 22-02-2025. 

13.M Abdullayeva, Point spectrum of the operator matrices with the fredholm integral 

operators 2024/3/5, 47/47 Центр научных публикаций (buxdu. uz) 47 (47) BUXORO 

DAVLAT UNIVERSITETI ILMIY AXBOROTI  

14.Р.Т.Мухитдинов, М.A.Абдуллаева КРАЙНИЕ ТОЧКИ МНОЖЕСТВА КВАДРАТИЧНЫХ 

ОПЕРАТОРОВ, ОПРЕДЕЛЕННЫХ НА S^ 1 “Scientific progress” 2021, 2/1, 470-477 ст. 

Tog’ayev Turdimurod, Safarova Durdona, Hamidova Sevinch,      Buvajonova  Sevinch 

“Methods for solving odd-degree inverse equations.” EXCELLENCIA: INTERNATIONAL MULTI-

DISCIPLINARY JOURNAL OF EDUCATION https://multijournals.org/index.php/excellencia-

imje 


