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Annotation: The article first proves a limit theorem for a sequence of random variables
called “U-statistics,” introduced by V. Hefdling. The proven limit theorem generalizes the
result of V. Hefdling's theorem to the case where the number of samples is a random variable.
In the theorem, it is not required that the observation results of the sample size N, are
independent of the & where (i = 1,2, ...,); however, as n —» o there must exist a sequence of

. . : Np P :
numbers - k, with (k, = o) and a positive random variable N, such that, k—“—>N0 is

n

required.
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Let us assume that {{;} - is a sequence of independent identically distributed random
variables (r.v.). We form a statistic of the form:

U = (CO)7 Bisiy<ip<cizzn f Eipr s ) = (CF) T Bnpy f(&iyp > &), which s
commonly referred to as U-statistics. Here, f(§;,, ..., &;,) — is some function symmetric with
respect to its arguments. We denote:

0 = Mf(fli s §i)s fm(xlf v Xm) = Mf (X1, o) Xy §mats s §k)

(m<k), l;=Dfi(§).

U-statistics were first introduced by W. Hoeffding [1], and under the condition

(H): Mf2(&, .., &) <o, [, #0

proved that the sequence of random variables

Z, = % (U, — 0) - is asymptotically normal with parameters (0,1).
2

Subsequently, various properties of U-statistics were intensively studied with a
deterministic sample size. The limiting behavior of U-statistics with a random sample size was
examined in works [2], [3], and others.

Assuming {N,} - be a sequence of positive integer-valued random variables defined on
the probability space {2, F, P}, where the sequence of random variables {¢,,} is also defined.
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In work [2] it was proven that if as n » o the sequence of random variables. {%}

N\

converges to one in probability, then
P(Zy, <x) - ®(x) = ffwe_“z/zdu (1)
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This work also obtained the rate of convergence in the limiting relation (1). In

work [3], relation (1) was proven under the condition

p
%—)NO (n—>oo),

where N, > 0 - is a discrete random variable.

The present work is dedicated to proving a theorem about the asymptotic behavior of U-
statistics with a random sample size. The proven theorem generalizes the result of work [3] to
the case when N, - is an arbitrary positive random variable.

Theorem: Let the conditions (H) and (A,) be satisfied:

There exists a sequence of numbers such that {k,}, k,, > 0asn — o

and a positive random variable N, such that :—: 5 Ny, asn = oo.thenforany A€ F,
P(A) >0
P(Zy, <x/A) > @(x) as n — oo,
Note that for k = 1u A = Q the theorem coincides with the theorems of Y. Modyorody
[5] and Y. Blum, D. Hanson, Y. Rosenblatt [6].
First, we will prove the following lemma.
Lemma. If Mf2(&,,...,&) < o, thenforany h (h = 1,2, ..., k)

5h = Dg(h)(fli '-'i{:h) < o,

where gV (x)) = fi(x) — 6,
9P (xq, s xp) = fr, (g, e, xp) — 0 — Zj-‘;llz(h,j)g(j)(xl, ...,xj), (h=2,..,k).
Proof of the lemma. By the theorem proven in work [1] for each i = 1k it holds
that
M(fi(§y, s §) —0)? = < (2)

Considering the symmetry of the function f (&, ..., &) it was proven in [1] that

M(fi(Saysréa) = 0) (£ (8pp o 8p,) —0) =00 (3)
where [ - is the number of common indices among (@4, ..., @;) and (B4, ..., B;). Since

Mg(h) (&, ...,¢é,) =0 , it follows from (3) that &, can be expressed as a linear
combination of the quantities {j, ..., {,. Hence, from (2) we obtain that §; < oo.
Next, for convenience, we will state one theorem from [1] and some known lemmas.
Theorem [1]. Let’s assume that Mf2(¢&,, ..., &) < oo. then
1) the following decomposition holds:
Up= 6+, chv®™ =0+ k™ + R,
where V" = (€17 Zaumy 9 Gy s E0)s R = Thoa RV

2) foreach h = 1,k the sequence of random variables
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S = chy™ s a martingale.
Lemma 1 ( [5]). Let {u,,} - be a sequence of r.v. and y, - be some r.v. such that

Hn 5 Ho as n — oo.
Leta, b (a < b) be points of continuity of the c.d.f. P(uy < x). Let’s assume that
A, = (a < p, <b), Ap = (a < py < b).

N\

thenas n » o

P(A, A, + A, Ay) = 0.
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Lemma 2 ([6]). Let {i,,} - be a sequence of non-degenerate r.v. and A, - be some
event depending on the r.v.  uy , f, 41, ) U,y (m, = ky).
Assumethat k, 2, as n - .
Then forany A€ F, P(A) >0
P(A,A) — P(A,)P(A) -0 as n— o,
Lemma 3 ([7]). Let {u,,} - be a sequence of r.v. and y, - be some positive r.v. such that as
n — oo
P(pyn < x) = P < x)
at every point xxx that is a point of continuity of the c.d.f. P(uy, < x). Then for any € > 0
there exist points 0 < a < b < o and n(e) such thatforalln > n(¢)
Pla<u,<b)>1-c=¢
Proof of the theorem: Without loss of generality, assume that k,, = n. For any € > 0 we
choose numbers
0<a=b,<b,<<bp_1<by,=b<o
from the set of continuity points of the c.d.f. P(N, < x), such that
P(aSN0<b)z1—§

and
max |b; — b;_1| = &, > 0 as m — oo,
1<ism
Let us denote
Ay = (a < Ny < b), AY = (bj_; < Ny < b)),
A, = (an < N < bn), A,({) = (nbj_; < N <nbj),

where N = N,,, n; = [nbj], [x] - is the integer part of x. After some straightforward
transformations, we obtain

1 N
Zy = Zn_, + VN (Uy - Unj_l)m +Zn, < o 1) -

= an_1 + Nnj + Vnj- (4)
Let us assume that

Buy = (, max el S8 Bra=( max Vaj| < &)

Then from equation (4) and the deflmtlons used, it is easy to verify the following:
Ty < Pi(Zy <x) ST + Py(4y), (5)
where
E =T Py (Zn,, <X+ 26, AD) £ X1 Py(Bry, AY) £ BTy Py (B AD)=
=Xt +3%, +3,, and P,(") = P(-/A).
By Lemma 1, there exists a number nqy(¢) such that for n > ny(¢)

|Zir — X1 Pa(Zn,_, <x % ZS,Agj)) <e (6)
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The sequence of r.v. {Z,} possesses the property of R- mixing with a limiting
distribution ®(x) [3]. Subsequently, there exists a number n, (¢) such that for n > n,(¢)

S0 Pa(Zn,, < x +26,A0) — 0 £ 20)Ps(A))| <2 (7)

Since, due to Lemma 3 (4,) < ¢, then from (5) - (7) for sufficiently large n we have

 of
y 4
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the following inequality:
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d(x—2e) -2, —Z, — —2e < Py(Zy <x) <

p (A)

d)(x+2£)+21+22+ﬁ+2£ (8)

Clearly, for nj_; < N <n;

N
0< /nj_l—l < &m

Now, returning to the reasoning used in (6) and (7), we assert that for a given € > 0
there exist numbers n(e) and m(g) such thatforn > n(e) , m > m(e)
X, <¢ (9)
To estimate £, from above, we use Theorem [1], resulting in:

% szj-":lPA( max \/E|Va(1) v > 5"25,,45{))+

n:_<asn; Mj—1
J—1 J
+2;’;1PA< max_ Va|R,| > FL2 AU)> =%y + 4, (10)
nj_i<asn;

It is clearly visible that

k
211 S 271:1 PA (n I’Il<aaX<n \/__ l n] 1(f1(€l) - 9)| £ \/_ A(J)>
j-

PG - )] = 2l 40 =

nJ "11

2P 2z
A( \/— |
—y® (2)

=3 +27 (11)

By Lemma 1 in the expressions Zﬁ) + Zﬁ) the event A,({ ) can be replaced with the event

Agj ), that is to say, for any ¢ > 0 there exists a number n,(¢) such that when n > n,(¢)

2 - P, max £|SL, (G- 0)| = EE 4D <6 (12)

nj_i<asn; Va

"J ”11

- D P S () - 0)] 2 fkf AP <z (13)

Using initially Lemma 2 and then Kolmogorov's 1nequa11ty, we find numbers n;(¢) and
ms (&) such that forn > n3(e) ,m > mz(¢)

ZT=1PA( max W|Zl (8D = 6)] Z@AE]}) <e (14)

nj_<asn;

Zn’ {'(fi(6) —6) has the property of R- mixing with a

Since the expression \/n_
)

limiting distribution (x). we assert that there exist numbers n,(¢) and my(€) such that for
n >nu(e) ,m>my(e)

Yjz1 PaC

From (1 1)-(15) for suff1c1ently large n and m, we obtain
X1 <ce (16)

(Here and further, c is a constant that does not depend onn,m u €).

It is not difficult to obtain the following inequality:

ck\/1,C
|S(h)| 4(k- \/;/Elch)
Since DS = C!5,, and due to Theorem [1] S is a martingale, applying Kolmogorov's
inequality for martingales gives us:
16(k—-1)2(C2nbCl6n  cop

z:12 S Zﬁ:z 2 = )
e2k21,|cfl g | g2n

-y

n} Nj-1

=R GG -0z EE AN <e 13)
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S12 < Yoz Pa(_ max
nasasnb

N\
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whence for n > % we have
212 <e¢. (17)
From (10), (16) and (17) it follows that for sufficiently large n and m
X, <ce. (18)
Due to the arbitrariness of € > 0 from (8), (9) and (18) we conclude the proof of the

theorem.

Following the work of [8], theorems are stated in which the existence of a limiting distribution
for a deterministic sequence is assumed, and under corresponding additional conditions, the
existence of a limiting distribution for sequences with a random index is asserted. We will call
these transfer theorems. Works [9] and [10] are devoted to the study of transfer theorems for
sequences of terms in the variational series in cases where independence between the
random index and the original sequence of random variables is not assumed (the so-called
"dependent scheme"). The theorem we proved is a transfer theorem for U-statistics in the
case of a "dependent scheme."
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