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Abstract. This article provides a comprehensive overview of hypersingular operators 

in peridynamics, delving into their theoretical underpinnings, numerical evaluation methods, 

practical applications, and implications for advancing computational simulations in materials 

science and engineering. By examining the significance of hypersingular operators, we aim to 

enhance our understanding of peridynamic models and their capabilities in simulating 

intricate material responses. 

Keywords: hypersingular operators, peridynamic, theoretical underpinnings, 

numerical evaluation methods, practical applications, peridynamic models.  

In the realm of peridynamics, hypersingular operators play a pivotal role in accurately 

capturing long-range interactions and phenomena that traditional continuum mechanics 

models might overlook. These operators are essential for describing the behavior of materials 

under extreme conditions, such as fracture, impact, and deformation. Hypersingular operators 

in peridynamics refer to mathematical constructs that handle interactions between points in a 

material system. Unlike traditional singularities that arise in classical mechanics, 

hypersingularities address the challenges of modeling material discontinuities and interfaces, 

making them crucial for simulating complex mechanical behaviors [1]. 

Hypersingular operators in peridynamics are based on the fundamental principles of 

nonlocal continuum mechanics. Peridynamics, introduced by silling in 2000, is a nonlocal 

theory that describes the behavior of a material by considering interactions between points in 

the material rather than infinitesimal elements. In peridynamics, the material is represented 

as a collection of points called "nodes" or "particles," and the deformation and interactions 

between these particles are governed by integral equations. These integral equations involve 

a kernel function that determines the influence of one particle on another. The hypersingular 

operator arises when considering the interaction between two particles in peridynamics. 

Unlike traditional singularities encountered in classical mechanics, which are typically 

associated with point loads or concentrated forces, hypersingularities capture the behavior of 

material interfaces and discontinuities. Mathematically, hypersingular operators can be 

defined as double integrals of a kernel function over the material domain. The kernel function 

represents the influence of one particle on another and is typically chosen to have certain 

properties, such as being symmetric and decaying with distance. The hypersingular operator 

accounts for both attractive and repulsive forces between particles, allowing for the modeling 

of material fracture, crack propagation, and other complex phenomena. By considering the 

interactions between particles within a certain neighborhood, peridynamics with 

hypersingular operators provides a more accurate representation of material behavior under 

extreme conditions. The theoretical foundations of hypersingular operators in peridynamics 
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are rooted in the principles of nonlocality and integral equations. By incorporating 

these concepts, peridynamic models can capture long-range interactions and address 

challenges that arise in classical continuum mechanics models, making them particularly 

useful for simulating materials with interfaces, cracks, and other discontinuities [5]. 

There are several methods for evaluating hypersingular operators in the context of 

peridynamics and other nonlocal continuum mechanics theories. Here are some common 

approaches: 

Direct numerical integration: one straightforward method for evaluating hypersingular 

operators is to directly numerically integrate the double integral defining the operator. This 

involves discretizing the material domain into a set of points or particles and approximating 

the double integral using numerical quadrature methods. Regularization techniques: 

hypersingular operators can sometimes lead to mathematical challenges due to the 

singularity in the kernel function. Regularization techniques can be employed to handle these 

singularities and make the integrals well-defined. Common regularization methods include 

introducing a small parameter to smooth out the singularity or using special quadrature rules 

designed for hypersingular integrals. Fast multipole methods: fast multipole methods (fmm) 

are numerical algorithms that accelerate the computation of long-range interactions in 

particle-based simulations. These methods can be adapted to efficiently evaluate 

hypersingular operators by approximating the interactions between distant particles using 

multipole expansions and local expansions. Discrete convolution: in some cases, 

hypersingular operators can be approximated using discrete convolution operations. By 

discretizing the kernel function and applying convolution techniques, one can efficiently 

compute the effect of the hypersingular operator on a given particle or node [3].  

Analytical solutions for specific cases: for certain simplified models or specific choices 

of kernel functions, it may be possible to derive analytical solutions for hypersingular 

operators. These analytical solutions can provide insights into the behavior of the system and 

offer efficient ways to evaluate the operator in those particular cases. Machine learning 

approaches: recently, machine learning techniques have been explored for accelerating 

computations in nonlocal continuum mechanics, including the evaluation of hypersingular 

operators. Neural networks and other machine learning models can learn the relationships 

between particles and predict the effects of hypersingular operators based on training data, 

potentially offering faster and more accurate evaluations. These methods, among others, play 

a crucial role in efficiently computing hypersingular operators in nonlocal continuum 

mechanics theories like peridynamics. Researchers continue to explore new techniques and 

algorithms to improve the accuracy and computational efficiency of evaluating hypersingular 

operators in complex material modeling scenarios. 

Hypersingular operators play a significant role in peridynamics, a nonlocal continuum 

mechanics theory that has found applications in various fields, including solid mechanics, 

fracture mechanics, and materials science. Here are some key applications of hypersingular 

operators in peridynamics: 

Fracture mechanics: in peridynamics, hypersingular operators are used to model crack 

initiation, propagation, and branching without the need for a priori knowledge of the crack 

path. The nonlocal nature of peridynamics allows for the natural representation of crack 

surfaces and their interactions using hypersingular operators, enabling the simulation of 

complex fracture behavior in materials. Damage and material failure: hypersingular operators 
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are employed to capture the nonlocal interactions between material points, enabling 

the modeling of damage evolution and material failure processes. By incorporating 

hypersingular operators into the peridynamic framework, it becomes possible to simulate the 

formation and growth of microcracks, voids, and other types of damage in materials. Contact 

and interface problems: peridynamics with hypersingular operators can effectively model 

contact and interface problems in materials, including adhesive bonding, delamination, and 

sliding contact between surfaces. The nonlocal interactions captured by hypersingular 

operators allow for the accurate representation of contact forces and interactions at material 

interfaces. Dynamic fracture and impact analysis: hypersingular operators are utilized in 

peridynamics to study dynamic fracture and impact problems, where the nonlocal nature of 

peridynamics enables the simulation of crack propagation under high strain rates and impact 

loading conditions. This is particularly valuable for analyzing the behavior of materials 

subjected to rapid deformation and fracture. Multi-scale material modeling: peridynamics, 

with its use of hypersingular operators, provides a framework for multi-scale material 

modeling, allowing the simulation of material behavior across different length scales. This is 

beneficial for studying heterogeneous materials, composites, and structures with complex 

microstructures where nonlocal interactions are essential to capture. Fluid-structure 

interaction: in the context of peridynamics, hypersingular operators can be applied to model 

fluid-structure interaction problems, such as the interaction between a fluid flow and a 

deformable solid structure. This allows for the simulation of coupled phenomena involving 

both solid mechanics and fluid dynamics within a unified computational framework. Overall, 

hypersingular operators in peridynamics enable the accurate representation of nonlocal 

interactions in materials, making it a powerful tool for simulating a wide range of mechanical 

behaviors and material responses across different scales and loading conditions. 

Conclusion. In conclusion, hypersingular operators in peridynamics have proven to be a 

valuable tool in various fields of study and practical applications. They have been successfully 

used to analyze fracture behavior, model damage evolution, conduct structural analysis, 

predict material failure, perform multi-scale modeling, and analyze fluid-structure interaction. 

By incorporating hypersingular operators into peridynamic models, researchers and 

engineers have gained a deeper understanding of the mechanics of fracture, damage 

accumulation, and structural behavior. This has led to improved design optimization, 

enhanced safety and reliability of structures, and more accurate predictions of material 

failure. 
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